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Abstract
We prove that if a category has two Quillen closed model structures (W1,F1,C1) and (W2,F2,C2)
that satisfy the inclusions W1 ⊆W2 and F1 ⊆ F2, then there exists a “mixed model structure”
(Wm,Fm,Cm) for which Wm =W2 and Fm = F1. This shows that there is a model structure for
topological spaces (and other topological categories) for whichWm is the class of weak equivalences
andFm is the class of Hurewicz fibrations. The cofibrant spaces in this model structure are the spaces
that have CW homotopy type.
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1. Introduction
In topology and algebra it often occurs that a category one wishes to study is equipped
with more than one useful Quillen closed model structure. A paradigmatic example is the
category of topological spaces: There is the Strøm structure (W1,F1,C1) consisting of the
homotopy equivalences, Hurewicz fibrations, and closed Hurewicz cofibrations [10]. We
also have the Quillen model structure (W2,F2,C2) consisting of the weak equivalences,
Serre fibrations, and retracts of relative cell complexes [9]. In view of the author’s results
in [2], the same situation occurs for a variety of topological categories including based
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algebraic categories of chain complexes.
In this paper we prove that whenever (W1,F1,C1) and (W2,F2,C2) are triples of
classes of morphisms of a category A that form Quillen closed model structures and that
satisfy the inclusions W1 ⊆ W2 and F1 ⊆ F2, then there is a “mixed model structure”
(Wm,Fm,Cm) for which Wm =W2 and Fm = F1. The mixed structure for spaces has
many advantages as compared to the usual Quillen structure. The point is that, while one
must invert weak equivalences rather than just homotopy equivalences in order to do seri-
ous homotopy theory, Hurewicz fibrations behave much better than Serre fibrations under
a variety of functors and constructions. Also, our results in Section 3 will demonstrate that
the cofibrations of the mixed structure have many good properties that the Quillen cofibra-
tions lack. It turns out that a space is cofibrant in the mixed structure if and only if it has
CW homotopy type.
The paper is organized as follows: In Section 2 we prove our main result and discuss
examples. In Section 3 we study the cofibrations and cofibrant objects of the mixed struc-
ture. In Section 4 we prove that the mixed structure inherits right and left properness from
structure 2 and we give two results that follow from left properness of structure 1. Sec-
tions 5 and 6 are devoted to showing that Quillen adjunctions and monoidal structures and
actions behave nicely with respect to mixed model structures.
2. The mixed model structure
Recall that a Quillen closed model structure on a bicomplete category A is a triple
(W,F ,C) of classes of morphisms of A (the weak equivalences, fibrations, and cofibra-
tions, respectively) that satisfy axioms that are reminiscent of properties of the homotopy
equivalences, fibrations, and cofibrations of topological spaces. The original source ma-
terial is in [9]. Excellent expositions of the theory of model structures are given in [6,4].
We will use the definition in [4]. We abbreviate LLP and RLP for the left and right lifting
property, respectively.
We present our main result.
Theorem 2.1. If (W1,F1,C1) and (W2,F2,C2) are model structures on the same cate-
gory A and if W1 ⊆W2 and F1 ⊆ F2, then there exists a model structure (Wm,Fm,Cm)
such thatWm =W2 and Fm =F1. By duality, it is also true that ifW1 ⊆W2 and C1 ⊆ C2,
then there exists a model structure (Wm,Fm,Cm) such that Wm =W2 and Cm = C1.
Proof. It suffices to consider the first statement. Thus we suppose that W1 ⊆ W2 and
F1 ⊆ F2. Note that C2 ⊆ C1 and W2 ∩ C2 ⊆W1 ∩ C1. Now set Wm =W2 and Fm = F1
and let Cm be the class of maps that have the LLP with respect to W2 ∩F1. Clearly Wm,
Cm, and Fm contain all identity maps and are closed under retracts and compositions. Also
Wm =W2 has the 2 out of 3 property.
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LLP with respect to Wm ∩Fm. Now suppose that f :X → Y is in Wm ∩ Cm =W2 ∩ Cm.
Factor f as
X
f
g
Y
Z
h
with g ∈W1 ∩ C1 and h ∈ F1. Since f ∈W2 and g ∈W1 ⊆W2, it follows that h ∈W2.
Thus h ∈W2 ∩F1, so f has the LLP with respect to h. From the diagram
X
g
f
Z
h
Y Y
we see that f is a retract of g and hence that f ∈W1 ∩C1. We have shown thatWm ∩Cm =
W2 ∩ Cm ⊆W1 ∩ C1 and hence Wm ∩ Cm has the LLP with respect to Fm = F1. Now
observe that W1 ∩ C1 has the LLP with respect to F1 and hence, a fortiori, has the LLP
with respect W2 ∩ F1. Thus W1 ∩ C1 ⊆ Cm. Also we have W1 ∩ C1 ⊆W1 ⊆W2. Thus
W1 ∩ C1 ⊆W2 ∩ Cm =Wm ∩ Cm. We may conclude that Wm ∩ Cm =W1 ∩ C1.
It is immediately clear that any morphism admits a factorization as a member of Wm ∩
Cm followed by a member of Fm since this is just the factorization problem for model
structure 1. Now let f be a morphism. Factor f as f = h◦g with g ∈ C2 and h ∈W2 ∩F2.
Then factor h as h =  ◦ k with k ∈W1 ∩C1 and  ∈F1. Clearly C2 ⊆ Cm sinceW2 ∩F1 ⊆
W2 ∩F2. Thus g ∈ Cm. Also W1 ∩ C1 =W2 ∈ Cm ⊆ Cm and hence k ∈ Cm. It follows that
k ◦ g ∈ Cm since Cm is closed under composition. Now since h ∈W2 and k ∈W1 ⊆W2 it
follows from the 2 out of 3 property that  ∈W2. Thus  ∈W2 ∩F1 =Wm∩Fm. Therefore
f =  ◦ (k ◦ g) provides a factorization of f as a member of Cm followed by a member of
Wm ∩Fm. 
Example 2.2. For the category of compactly generated topological spaces let model struc-
ture 1 be the Strøm structure in which W1 is the class of homotopy equivalences, F1 is
the class of Hurewicz fibrations, and C1 is the class of Hurewicz cofibrations. Let model
structure 2 be the Quillen structure in which W2 is the class of weak equivalences in the
usual sense (maps that induce isomorphism in homotopy groups), F2 is the class of Serre
fibrations, and C2 is the class of retracts of relative cell complexes. Then W1 ⊆W2 and
F1 ⊆F2, so we obtain a mixed model structure.
This mixed model structure has an interesting interpretation as regards the cofibrant
objects. There is a well-known formal argument which shows that if a space Y has CW
homotopy type (equivalently cellular homotopy type) and if X is a retract of Y in the
homotopy category, then X also has CW homotopy type. It follows that Quillen cofibrant
objects have CW homotopy type. However, the converse is not true.
M. Cole / Topology and its Applications 153 (2006) 1016–1032 1019Example 2.3. Let X ⊂ R be the set X = {0} ∪ {1/n}∞n=1 and let CX be the (unreduced)
cone X× I/X×{1}. Then CX, being contractible, has CW homotopy type, but CX is not
Quillen cofibrant.
Proof. It is easy to show that a cellular space must be nondegenerately based at any point.
The same must be true for any retract of such a space. However, the point (0,0) ∈ CX is
degenerate. 
Our mixed model structure improves the situation. It will follow from our results in
Section 3 that a space is cofibrant in the mixed structure if and only if it has CW homotopy
type. In many ways both the cofibrations and fibrations of the mixed structure are easier to
understand than those of the Quillen structure. These remarks apply to other topological
categories including based spaces, G-spaces, based or unbased, the Lewis–May category
of spectra, with or without G-action [7], and the categories of L-spectra and S-modules
of [5].
Example 2.4. Let R be a ring and consider the category of chain complexes of R-modules
that are bounded below. Let W1 be the class of chain homotopy equivalences, let F1 be
the class of chain maps that are split epimorphisms in each degree, and let C1 be the chain
maps that in each degree are split monomorphisms.
These classes form a model structure (see, for example, [1] or [3]). For model structure 2
(Quillen [9]) let W2 be the class of quasi-isomorphisms, F2 the class of epimorphisms,
and C2 the monomorphisms with degreewise projective cokernel. Then W1 ⊆ W2 and
F1 ⊆F2, so we obtain a mixed model structure.
For this last example, the cofibrant objects of structure 2 are the projective chain com-
plexes. Our results in Section 3 imply that in the mixed structure a cofibrant chain complex
is one that is chain homotopy equivalent to a projective chain complex.
3. Cofibrations and cofibrant objects in the mixed structure
Let us return to the general situation of a category A with two model structures such
thatW1 ⊆W2 and F1 ⊆F2. To ease the constant use of notation we introduce some termi-
nology: Elements ofW1 andW2 will be called 1-equivalences and 2-equivalences, respec-
tively. Similarly we will speak of 1-fibrations, or 2-cofibrations, etc. The mixed structure
cofibrations will be called m-cofibrations and, similarly, we will speak of m-cofibrant ob-
jects.
We begin our study of m-cofibrations. First we make a definition and record a basic fact
about m-cofibrations that we shall use later.
Definition 3.1. A special m-cofibration is an m-cofibration f that admits a factorization
f = h ◦ g with g ∈ C2 and h ∈W1 ∪ C1.
Proposition 3.2. Every m-cofibration is a retract of a special one.
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W2 ∪F2. Now factor h as h = ◦k with k ∈W1 ∩C1 and  ∈F1. By the 2 out of 3 property
 ∈W2. Since  ∈W2 ∩F1, f has the LLP with respect to . This shows that f is a retract
of the special m-cofibration k ◦ g. 
Our main technical result about maps between m-cofibrations is the following. Note the
similarity between its proof and the proof of Ken Brown’s lemma.
Proposition 3.3. Consider a commutative triangle.
A
ji
X
f
Y
If i and j are m-cofibrations and f is a 2-equivalence, then f is a 1-equivalence.
Proof. Consider the pushout square
A
j
i
Y
ιY
X ιX X 	A Y
and notice that ιX and ιY , being pushouts of m-cofibrations, are themselves m-cofibrations.
Now consider a factorization
X 	A Y (f,idy)
q
Y
Z
p
with q ∈ Cm and p ∈W2 ∩F1. Since p ◦ (q ◦ ιY ) = idY ∈W2 and p ∈W2, it follows that
q ◦ ιY ∈W2. Thus
q ◦ ιY ∈W2 ∩ Cm =W1 ∩ C1 ⊆W1.
Since also p ◦ (q ◦ ιY ) = idY ∈W1, we deduce that p ∈W1. Now we observe that p ◦
(q ◦ ιX) = f ∈W2 and p ∈W1 imply that q ◦ ιX ∈W2. Thus
q ◦ ιX ∈W2 ∩ Cm =W1 ∩ C1 ⊆W1.
Therefore f = p ◦ (q ◦ ιX) ∈W1. 
Corollary 3.4. A 2-equivalence between m-cofibrant objects is a 1-equivalence.
Proof. Apply our proposition to the case that A is the initial object ∅. 
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course, can be proved without making any mention of the mixed model structure.
Proposition 3.6. The following statements about a morphism f :A → X are equivalent:
(1) f is an m-cofibration.
(2) f is a 1-cofibration and there exists a diagram
A
ff ′
X′ ξ X
such that f ′ is a 2-cofibration and ξ is a 1-equivalence.
Proof. Suppose first that f ∈ Cm. Then clearly f ∈ C1. Now factor f as f = ξ ◦ f ′ with
f ′ ∈ C2 and ξ ∈W2 ∩F2. Since f ′ and f are both m-cofibrations, by Proposition 3.3 the
2-equivalence ξ must be a 1-equivalence. Thus (1) implies (2).
Conversely suppose that (2) holds. Factor f as
A
f
g
X
Y
h
with g ∈ Cm and h ∈W2 ∩F1. In the square
A
g
f ′
Y
h
X′ ξ

X
a lift  must exist since f ′ ∈ C2 ⊆ Cm and h ∈W2 ∩ F1. Now since ξ ∈W1 ⊆W2 and
h ∈ W2, we have  ∈ W2. But since f ′ and g are m-cofibrations, Proposition 3.3 tells
us that the 2-equivalence  must be a 1-equivalence. Another application of the 2 out of
3 property shows that h ∈W1. Therefore h ∈W1 ∩F1 and, since f ∈ C1, f has the LLP
with respect to h. We conclude that f is a retract of g and hence f ∈ Cm. 
Corollary 3.7. The following statements about an object X ∈A are equivalent.
(1) X is m-cofibrant.
(2) X is 1-cofibrant and has the 1-homotopy type of a 2-cofibrant object.
Proof. (1) ⇒ (2) follows immediately from Proposition 3.6 for A = ∅. Conversely sup-
pose that (2) holds. Let X′ be a 2-cofibrant object such that X′ and X are isomorphic in the
homotopy category Ho1(A) associated to model structure 1. The 2-cofibrant object X′ is
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apply Proposition 3.6 with A = ∅. 
Example 3.8. Applying these results to the mixed structure for spaces, we see that a space
is m-cofibrant if and only if it has CW homotopy type. Combining Proposition 3.6 with
well-known facts about cofiber maps of Hurewicz cofibrations, we may say that a map
f :A → X is an m-cofibration if and only if it is a Hurewicz cofibration that is cofiber
homotopy equivalent under A to a relative CW complex.
Example 3.9. In the mixed structure for bounded below chain complexes of R-modules,
we see that a chain complex is m-cofibrant if and only if it has the chain homotopy type
of a projective chain complex. One can work out that a chain map is an m-cofibration if
and only if it is a degreewise split monomorphism whose cokernel has the chain homotopy
type of a projective chain complex.
A general result that summarizes some of our previous work is the following:
Proposition 3.10. Consider a diagram
A
ji
X
f
Y
g
Z
in which i and j are 1-cofibrations and f and g are 2-equivalences. Then if any three of
the following four statements is true, the fourth is also:
(1) i is an m-cofibration.
(2) j is an m-cofibration.
(3) f is a 1-equivalence.
(4) g is a 1-equivalence.
Proof. By symmetry, (1), (2), (3) ⇒ (4) and (1), (2), (4) ⇒ (3) are equivalent. Let us
prove the latter. Thus we assume that i, j ∈ Cm, f ∈W2, and g ∈W1. We must show that
f ∈W1. First factor g as
Y
g
h
Z
W
k
with h ∈ Cm and k ∈W2 ∩F1. Now g ∈W1 and k ∈W2 implies h ∈W2. Thus h ∈W2 ∩
Cm =W1 ∩ C1 ⊆W1. Therefore k ∈W1. Now i has the LLP with respect to k, so we get
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A
h◦j
i
W
k
X
f

Z
Then f ∈W2 and k ∈W1 implies  ∈W2. But since i and h◦ j are m-cofibrations, Propo-
sition 3.4 assures us that  ∈W1. Therefore f ∈W1.
By symmetry, (1), (3), (4) ⇒ (2) and (2), (3), (4) ⇒ (1) are equivalent. Let us prove
the former. Thus we assume that i ∈ Cm, j ∈ C1 and f,g ∈W1. We must show that j ∈ Cm.
Factor j as
A
j
h
Y
W
k
with h ∈ Cm and k ∈W2 ∩F1. In the diagram
A
hi
X
f
W
g◦k
Z
we have i, h ∈ Cm, f ∈W1, and g ◦ k ∈W2. We may apply our previous result to deduce
that g ◦ k ∈W1. Since g ∈W1 we conclude that k ∈W1. Therefore k ∈W1 ∩F1. Since j
has the LLP with respect to k it follows that j is a retract of h and hence j ∈ Cm. 
Another interesting feature of the mixed structure is that the cofibrations satisfy a
weak (2) out of (3) property.
Proposition 3.11. Given a commutative triangle,
A
ji
X
f
Y
if i and j are m-cofibrations and f is a 1-cofibration, then f is an m-cofibration.
Proof. Factor f as f = h ◦ g with g ∈ Cm and h ∈W2 ∩F1. Then in the diagram
A
jg◦i
Z Y
h
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valence. Hence h ∈W1 ∩F1. Since f has the LLP with respect to h, it follows that f is a
retract of g and hence that f ∈ Cm. 
Corollary 3.12. A 1-cofibration between m-cofibrant objects is an m-cofibration.
4. Mixing proper model structures
Recall that a model category is said to be right proper if the pullback of a weak equiva-
lence along a fibration is always a weak equivalence. Dually, a model category is left proper
if the pushout of a weak equivalence along a cofibration is always a weak equivalence. Let
us have our usual situation of a category A with two model structures such that W1 ⊆W2
and F1 ⊆F2.
Proposition 4.1. If model structure 2 is right proper, then the mixed structure is right
proper.
Proof. This is immediate since Fm = F1 ⊆ F2 and Wm =W2. Thus the pullback of a
2-equivalence along a 1-fibration is the pullback of a 2-equivalence along a 2-fibration and
hence is a 2-equivalence. 
Proposition 4.2. The mixed model structure is left proper if and only if model structure 2
is left proper.
Proof. Assume first that the mixed structure is left proper. Since W2 =Wm and C2 ⊆ Cm,
it is immediate that structure 2 is left proper.
Conversely, assume that structure 2 is left proper. Let f be an m-cofibration. By Propo-
sition 3.2 there exists a special m-cofibration f ′ such that f is a retract of f ′. It then
follows that the pushout of a map g along f is a retract of the pushout of g along f ′.
Since Wm =W2 is closed under retracts, it suffices to consider the case that f is a special
m-cofibration. Thus let f = k ◦ h with h ∈ C2 and k ∈W1 ∩ C1. Consider the diagram
X
h
g
Y ′ k
′
Y

Z m W
′
n W
in which both squares are pushouts. Since g ∈W2 and h ∈ C2, ′ ∈W2. Also, n ∈W1 ∩ C1
since n is the pushout of k. Thus ◦k = n◦′ ∈W2. Since also k ∈W1 ⊆W2, we conclude
that  ∈W2. 
When model structure 1 is left proper, one can extend our results in Section 3 and
develop additional facts about m-cofibrations. We give two examples of this.
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A
ϕ
i
B
j
X
f
Y
in which i and j are 1-cofibrations, ϕ is a 1-equivalence, and f is a 2-equivalence. If
model structure 1 is left proper, then any two of the following statements implies the third:
(1) i is an m-cofibration.
(2) j is an m-cofibration.
(3) f is a 1-equivalence.
Proof. We consider first (1), (2) ⇒ (3). Thus we assume that i, j ∈ Cm, ϕ ∈ W1, and
f ∈W2. We must prove that f ∈W1. Consider the diagram
A
ϕ
i
B
h
jX
ϕ
f
P
k
Y
in which the square is a pushout. Then h ∈ Cm since h is the pushout of i. Also since
i ∈ Cm ⊆ C1 and ϕ ∈W1, left properness of structure 1 implies that ψ ∈W1. Since also
f ∈W2 we have k ∈W2. Now applying Proposition 3.3 to the right triangle we deduce
that k ∈W1. Therefore f = k ◦ ψ ∈W1.
We consider now (1), (3) ⇒ (2). Thus we assume that ϕ,f ∈W1, i ∈ Cm, and j ∈ C1.
We must prove that j ∈ Cm. In our diagram ψ ∈ W1 by the properness hypothesis and
hence k ∈W1. Since h ∈ Cm we may apply Proposition 3.10 to the right triangle to con-
clude that j ∈ Cm.
Now we show that (2), (3) ⇒ (1). Assume that ϕ,f ∈W1, j ∈ Cm, and i ∈ C1. We must
prove that i ∈ Cm. We factor i = n ◦  with  ∈ Cm and n ∈W2 ∩F1. Consider the square:
A
ϕ

B
j
Z
f ◦n Y
Since ϕ ∈W1, , j ∈ Cm, and f ◦ n ∈W2, we may apply our previous result to see that
f ◦ n ∈W1. Hence n ∈W1. Therefore i ∈ C1 has the LLP with respect to n ∈W1 ∩ F1.
Thus f is a retract of  and hence f ∈ Cm. 
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A
ϕ
i
B
j
X
f
Y
in which i and j are m-cofibrations, ϕ is a 1-equivalence, and f is a 1-cofibration. If
model structure 1 is left proper then f is an m-cofibration.
Proof. Factor f as f = h◦g with g ∈ Cm and h ∈W2 ∩F1. We may apply Proposition 4.3
to the square
A
ϕ
g◦i
B
j
X
h
Y
to conclude that h ∈W1. Thus f has the LLP with respect to h, so it follows that f is a
retract of g and hence f ∈ Cm. 
5. Mixing Quillen adjunctions
Recall that if A and B are model categories and if L :A→ B and R :B → A are a
left-right adjoint pair of functors, then the adjunction is called a Quillen adjunction if the
following equivalent conditions are satisfied.
(1) L preserves cofibrations and acyclic cofibrations.
(2) R preserves fibrations and acyclic fibrations.
The purpose of this condition is to ensure that L and R pass to an adjoint pair of functors
on the homotopy categories Ho(A) and Ho(B). Note that when L and R form a Quillen
adjunction, it follows from Ken Brown’s lemma that L preserves arbitrary weak equiv-
alences between cofibrant objects and R preserves arbitrary weak equivalences between
fibrant objects.
Proposition 5.1. Let A and B each have two model structures such that W1 ⊆W2 and
F1 ⊆ F2. Let L :A → B and R :B → A be a left-right adjoint pair of functors. If the
adjunction is a Quillen adjunction with respect to model structures 1 and 2, then the ad-
junction is a Quillen adjunction with respect to the mixed structures.
Proof. Clearly R(Fm) = R(F1) ⊆F1 =Fm. Now observe that
Wm ∩Fm =W2 ∩F1 = (W2 ∩F2) ∩F1.
Therefore
R(Wm ∩Fm) = R
(
(W2 ∩F2) ∩F1
)⊆ (W2 ∩F2) ∩F1 =Wm ∩Fm. 
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equivalence if for all cofibrant X ∈A and fibrant Y ∈ B, a map f :LX → Y is a weak
equivalence if and only if the adjoint map f˜ :X → RY is a weak equivalence. The reason
for this terminology is that when a Quillen adjunction is a Quillen equivalence, the induced
adjunction between the homotopy categories is an adjoint equivalence of categories.
Proposition 5.2. If categoriesA and B each have two model structures such thatW1 ⊆W2
and F1 ⊆F2 and if an adjoint pair of functors L :A→ B and R :B→A forms a Quillen
equivalence with respect to model structures 1 and 2, then the adjunction is a Quillen
equivalence with respect to the mixed structures.
Proof. Let X be m-cofibrant and let Y be 1-fibrant (= m-fibrant). Let f :LX → Y be a
map. We must show that f is a 2-equivalence if and only if f˜ :X → RY is a 2-equivalence.
Choose a 2-cofibrant approximation γ :Γ2X → X of X. Since Γ2X and X are both m-co-
fibrant, by Corollary 3.4 the 2-equivalence γ must be a 1-equivalence. Thus γ is a 1-equi-
valence of 1-cofibrant objects and therefore Lγ :L(Γ2X) → LX is a 1-equivalence, and
hence also a 2-equivalence. From the 2 out of 3 property it follows that f :LX → Y is a
2-equivalence if and only if f ◦ Lγ :L(Γ2X) → Y is a 2-equivalence. But since Γ2X is
2-cofibrant and Y is 2-fibrant, f ◦Lγ is a 2-equivalence if and only if f˜ ◦ Lγ :Γ2X → RY
is a 2-equivalence. From the diagram
Γ2X
f˜ ◦Lγ
γ
RY
X
f˜
we see that, since γ is a 2-equivalence, f˜ ◦ Lγ is a 2-equivalence if and only if
f˜ :X → RY is a 2-equivalence. We are done. 
6. Mixing monoidal model structures
Let A,A′, and A′′ be categories and let ⊗ :A ×A′ → A′′ be a functor. Assume that
A′′ is cocomplete. For morphisms f :X → Y and f ′ :X′ → Y ′ of A and A′, respectively,
we will let P(f,f ′) denote the object of A′′ defined by the pushout square:
X ⊗ X′ id⊗f
′
f⊗id
X ⊗ Y ′
Y ⊗ X′ P(f,f ′)
We write f f ′ for the natural map P(f,f ′) → Y ⊗ Y ′ and we call f f ′ the pushout
product of f and f ′. In many cases of interest we will have functors Homr : (A′)op ×
A′′ →A and Hom : (A)op ×A′′ →A′ that satisfy adjunction isomorphisms
A′′(X ⊗ X′,X′′) ∼=A(X,Homr (X′,X′′)
)∼=A′(X′,Hom(X,X′′)
)
.
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A′ →A′′ is a Quillen bifunctor if the following conditions are satisfied.
(1) If f and f ′ are cofibrations, then f f ′ is a cofibration.
(2) If f and f ′ are cofibrations, one or both acyclic, then the cofibration f f ′ is acyclic.
For future use we record the following well-known fact.
Proposition 6.2. If A, A′ and A′′ are model categories, ⊗ :A × A′ → A′′ is a Quillen
bifunctor, and X ∈A is cofibrant, then the functor X ⊗− :A→A′ preserves weak equiv-
alences between cofibrant objects.
Proof. If f ′ :X′ → Y ′ is a map inA′, then the map X⊗f ′ :X⊗X′ → X⊗Y ′ is the same
as the pushout product iXf ′ where iX is the initial map ∅ → X. Thus if X is cofibrant,
X⊗− preserves acyclic cofibrations. By Ken Brown’s lemma, the conclusion follows. 
We will demonstrate that if all three categories are equipped with two model structures
with W1 ⊆W2 and F1 ⊆ F2 and if ⊗ is a Quillen bifunctor with respect to both sets of
model structures, then ⊗ is a Quillen bifunctor with respect to the mixed structures. An
important instance is the case that the three categories are the same and ⊗ is a monoidal
product. However, there are many other cases of interest.
Lemma 6.3. Let ⊗ :A × A′ → A′′ be a bifunctor and let C be any class of morphisms
of A′′ that is closed under pushouts and compositions. Let f and g be morphisms of A
and let f ′ and g′ be morphisms of A′. If f f ′, gf ′, f g′ and gg′ are all in C,
then also (g ◦ f ) (g′ ◦ f ′) is in C.
Proof. First we will show that f  (g′ ◦ f ′) ∈′ C. To see this consider the diagram:
X ⊗ X′ id⊗f
′
f⊗id
X ⊗ Y ′ id⊗g
′
X ⊗ Z′
Y ⊗ X′ P(f,f ′)
f f ′
P(f,g′ ◦ f ′)
ϕ
f  (g′◦f ′)
Y ⊗ Y ′ P(f,g′)
f g′ Y ⊗ Z′
Since the upper left square and the upper rectangle are pushouts, the upper right square
is a pushout. Now since the upper right square and the right rectangle are pushouts, the
lower right square is a pushout. Therefore ϕ ∈ C since ϕ is a pushout of f f ′ ∈ C. Since
also f g′ ∈ C, it follows that f  (g′ ◦ f ′) = (f g′) ◦ φ ∈ C. Identical logic shows that
g (g′ ◦ f ′) ∈ C and symmetric logic now shows that (g ◦ f ) (g′ ◦ f ′) ∈ C. 
Proposition 6.4. Let the categoriesA,A′, andA′′ each be equipped with two model struc-
tures such that W1 ⊆W2 and F1 ⊆ F2. If ⊗ :A×A′ → A′′ is a Quillen bifunctor with
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mixed structures.
Proof. Let f ∈ Cm and f ′ ∈ Cm and let one of them, say f ′, be acyclic. Thus f ∈ Cm ⊆ C1
and f ′ ∈Wm ∩ Cm =W1 ∩ C1. (Here we are abusing notation and using the same symbols
for classes in different categories.) By assumption about model structures 1, f f ′ ∈W1 ∩
C1 =Wm ∩Cm. By symmetry it is also true that if f ∈Wm ∩Cm and f ′ ∈ Cm then f f ′ ∈
Wm ∩ Cm.
Now suppose that f and f ′ are special m-cofibrations. Let f = h ◦ g with g ∈ C2 and
h ∈W1 ∩ C1 and let f ′ = h′ ◦ g′ with g′ ∈ C2 and h′ ∈W1 ∩ C1. Then gg′ ∈ C2 ⊆ Cm
by assumption about model structures 2. Also, by our previous result we know that gh′,
hg′, and hh′ are in Cm. By Lemma 6.3 it follows that f f ′ = (h ◦ g) (h′ ◦ g′) is
in Cm.
Now let f and f ′ be arbitrary m-cofibrations. By Proposition 3.2 there exist special
m-cofibrations g and g′ such that f is a retract of g and f ′ is a retract of g′. It follows that
f f ′ is a retract of gg′ ∈ Cm and hence that f f ′ ∈ Cm. 
Recall that a monoidal product on a category A is a functor ⊗ :A × A→ A that is
associative and unital (with respect to some unit object S ∈A) up to coherent natural iso-
morphism (see [8]). In many cases of interest, there is also a commutativity isomorphism
and further coherence conditions satisfied, in which case ⊗ is called a symmetric monoidal
product.
Definition 6.5. A monoidal model category is a monoidal category with product (⊗) and
unit S ∈A together with a Quillen model structure onA such that the following conditions
are satisfied.
(1) The product ⊗ :A×A→A is a Quillen bifunctor.
(2) If Γ S → S is a cofibrant approximation to the unit object S, then for any cofibrant X,
the maps Γ S ⊗ X → S ⊗ X ∼= X and X ⊗ Γ S → X ⊗ S ∼= X are weak equivalences.
The purpose of the second condition is to ensure that the monoidal structure for A
passes to a well defined monoidal structure on the homotopy category Ho(A). It is well
known and easy to prove that the unital condition (2) does not depend on the particular
choice of the cofibrant approximation to S. Thus if condition (1) is satisfied, then condi-
tion (2) is satisfied with respect to a given choice of cofibrant approximation if and only if
condition (2) is satisfied with respect to any choice of cofibrant approximation.
Proposition 6.6. Let the category A have two model structures with W1 ⊆ W2 and
F1 ⊆F2. Let ⊗ :A×A→A be a monoidal product. If A is a monoidal model category
with respect to both model structures, thenA is a monoidal model category with respect to
the mixed model structure.
Proof. Proposition 6.4 assures us that the product ⊗ is a Quillen bifunctor with respect
to the mixed structure. We must check the unital condition. By repeated factorization, we
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∅ i→ Γ2S f→ ΓmS g→ Γ1S h→ S
in which i ∈ C2, h ◦ g ◦ f ∈W2 ∩F2, f ∈W1 ∩ C1, h ◦ g ∈F1, g ∈ C1, and h ∈W1 ∩F1.
Observe that, as indicated by the notation, Γ2S, ΓmS, and Γ1S are cofibrant approxima-
tions to S in model structures 2, m and 1, respectively. Also, let X be m-cofibrant and let
γ :Γ2X → X be a 2-cofibrant approximation to X. In the following diagram we denote
1m = idΓmS , 11 = idΓsS , 1S = idS , 1Γ = idΓ2X , and 1X = idX .
Γ2S ⊗ Γ2X f⊗1Γ ΓmS ⊗ Γ2X g⊗1Γ
1m⊗γ
Γ1S ⊗ Γ2X h⊗1Γ
11⊗γ
S ⊗ Γ2X
1S⊗γ
ΓmS ⊗ X g⊗1X Γ1S ⊗ X h⊗1X S ⊗ X
Now since h ◦ g ◦ f :Γ2S → S is a 2-cofibrant approximation of S and since Γ2X is
2-cofibrant, it follows that the top row composite (h ⊗ 1Γ ) ◦ (g ⊗ 1Γ ) ◦ (f ⊗ 1Γ ) is a
2-equivalence. Also, since Γ2X and X are 1-cofibrant, we know that h ⊗ 1Γ and h ⊗ 1X
are 1-equivalences. By the 2 out of 3 property, it follows that (g ⊗ 1Γ ) ◦ (f ⊗ 1Γ )
is a 2-equivalence. Now Γ2X is 1-cofibrant and f :Γ2S → ΓmS is a 1-equivalence of
1-cofibrant objects. Hence f ⊗ 1Γ is a 1-equivalence by Proposition 6.2. We may deduce
that g ⊗ 1Γ is a 2-equivalence. Now looking at the right square, we know that h ⊗ 1Γ
and h ⊗ 1X are 1-equivalences and that 1S ⊗ γ is a 2-equivalence (1S ⊗ γ is isomorphic
to γ :Γ2X → X). Therefore 11 ⊗ γ is a 2-equivalence. Now since Γ2X and X are both
m-cofibrant, by Corollary 3.4 the 2-equivalence γ must be a 1-equivalence. Since ΓmS is
1-cofibrant and γ is a 1-equivalence of 1-cofibrant objects, we deduce that 1m ⊗ γ is a
1-equivalence. Looking at the middle square, since we have that g ⊗ 1Γ and 11 ⊗ γ are
2-equivalences and 1m ⊗ γ is a 1-equivalence, it follows that g ⊗ 1X is a 2-equivalence.
Since we previously established that h⊗ 1X is a 1-equivalence, we may now conclude that
the map
(h ◦ g) ⊗ idX :ΓmS ⊗ X → S ⊗ X ∼= X
is a 2-equivalence, which is what we needed to prove. Obviously an identical argument
establishes that the map
idX ⊗ (h ◦ g) :X ⊗ ΓmS → X ⊗ S ∼= X
is also a 2-equivalence. 
Recall that if B is a monoidal category with product ⊗ and unit object S, then a (right)
B-structure on a category A is a bifunctor ⊗˜ :A× B → A that is associative and unital.
Thus for objects X ∈A and Y,Y ′ ∈ B we have natural isomorphisms
(X ⊗˜Y) ⊗˜Y ′ ∼= X ⊗˜ (Y ⊗ Y ′),
X ⊗˜S ∼= X
that satisfy suitable coherence conditions.
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define a right B structure on a category A. We say that A is a (right) B-model category if
the following conditions hold.
(1) ⊗˜ is a Quillen bifunctor.
(2) If Γ S → S is a cofibrant approximation to the unit object S ∈ B and if X ∈A is cofi-
brant, then the map X⊗˜Γ S → X⊗˜S is a weak equivalence.
The purpose of the second condition is to ensure that the functor ⊗˜ passes to a Ho(B)-
structure on Ho(A). If A is a category with two model structures such that W1 ⊆W2 and
F1 ⊆F2, we will write (A,1), (A,2), and (A,m) to denote A with model structures 1, 2,
and m, respectively.
Proposition 6.8. Let categories A and B each have two model structures such that
W1 ⊆W2 and F1 ⊆ F2. Let ⊗ be a monoidal product for B with respect to which (B,1)
and (B,2) (and therefore, by Proposition 6.6, also (B,m)) are monoidal model categories.
Let ⊗ :A×B→A be a bifunctor with respect to which (A,1) is a (B,1)-model category
and (A,2) is a (B,2)-model category. Then (A,m) is a (B,m)-model category with re-
spect to ⊗˜.
We omit the proof since it is logically identical to the proof of Proposition 6.6. It is
important to notice that in Propositions 6.4 and 6.8, model structures 1 and 2 might coincide
in one or more of the relevant categories. For example, in Proposition 6.8 we can make the
model structures for B coincide. We then get the statement that if (A,1) and (A,2) are
B-model categories with respect to a bifunctor ⊗˜, then (A,m) is also a B-model structure
with respect to ⊗˜.
We give an illustration of this. Let SSet denote the category of simplicial sets with its
usual symmetric monoidal model structure (see [6] for a careful, detailed treatment). Then
a SSet-model category is called a simplicial model category. The following is immediate.
Proposition 6.9. Let a category A have two model structures such that W1 ⊆ W2 and
F1 ⊆F2. If both model structures are simplicial with respect to a bifunctor ⊗˜ :A×
SSet →A, then the mixed structure is simplicial with respect to ⊗˜.
Example 6.10. Let U be the category of (unbased) spaces. Define the product ⊗˜ :U ×
SSet → U by X⊗˜K• = X × |K•| where |K•| denotes the geometric realization of the
simplicial set K•. With respect to this bifunctor, both the Strøm and Quillen structures are
simplicial. Hence the mixed structure for spaces is also simplicial.
In a similar way, a topological model category is usually defined to mean a U -model
structure where U has the Quillen structure. If a category A has two model structures that
are topological with respect to the same bifunctor A×U →A, then the mixed structure is
also topological.
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